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TOTAL LINKAGE OF QUATERNION ALGEBRAS AND PFISTER FORMS IN
CHARACTERISTIC TWO
ADAM CHAPMAN, ANDREW DOLPHIN, AND AHMED LAGHRIBI
Abstract. We study the subfields of quaternion algebras that are quadratic extensions of
their center in characteristic 2. We provide examples of the following: two non-isomorphic
quaternion algebras that share all their quadratic subfields, two quaternion algebras that
share all their inseparable but not all their separable quadratic subfields and two algebras
that share all their separable but not all their inseparable quadratic subfields. We also dis-
cuss quaternion algebras over global fields and fields of Laurent series over a perfect field
of characteristic 2 and show that the quaternion algebras over these fields are determined
by their separable quadratic subfields. Throughout, these linkage questions are treated in
the more general setting by considering the linkage of Pfister forms.
Keywords: Quadratic forms, Pfister forms, linkage, quaternion algebras, splitting fields,
characteristic two, Laurent series, global fields.
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1. Introduction
Let F be a field. It is well known that a quadratic field extension of F is a splitting field
of some quaternion F-algebra Q if and only if it is isomorphic to a subfield of Q (see, for
example, [2, §14]). This raised the question of to what extent do the quadratic extensions of
F contained in Q determine the structure of the algebra and motivated the study of ‘linked’
quaternion algebras, that is, quaternion algebras that share a common quadratic extension
of F as a subfield.
In [8], Garibaldi and Saltman studied the subfields of quaternion algebras over fields
of characteristic not 2, and in particular over number fields. They gave an example of two
non-isomorphic quaternion algebras that share all their quadratic subfields and, conversely,
gave a sufficient condition on a field for every quaternion algebra over that field to be
determined by its quadratic subfields.
Here we consider this question in characteristic 2. Over fields of characteristic 2 this
question is complicated by the fact that two types of quadratic extension are possible, sep-
arable and inseparable, and every quaternion algebra contains quadratic subfields of each
type. One can show that if two quaternion algebras share an inseparable quadratic subfield
then they share a separable quadratic subfield, but that the converse is not always true (see
[15]. This result was also generalized to Hurwitz algebras in [4]). This motivated the con-
sideration of two different types of ‘linkage’ in characteristic 2, depending on whether the
shared subfield of two quaternion algebras over F was a quadratic separable or a quadratic
inseparable extension of F.
The first author was supported by Wallonie-Bruxelles International. The second author is supported by the
Deutsche Forschungsgemeinschaft project The Pfister Factor Conjecture in characteristic two (BE 2614/4). The
third author acknowledges the support of the French Agence Nationale de la Recherche (ANR) under reference
ANR-12-BL01-0005.
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Due to the well-known correspondence between quaternion algebras and 2-fold Pfister
forms, via the norm form of the quaternion algebra, linkage questions on a pair of quater-
nion algebras can be naturally reinterpreted as questions on whether a pair of 2-fold Pfister
forms become hyperbolic over a common quadratic extension. It is therefore natural to ask
whether analogous linkage properties hold for any pair of n-fold Pfister forms.
In this article, for any integer n > 1, we show how to construct n-fold Pfister forms over
fields of characteristic 2 that are not isometric but become hyperbolic over all the same
quadratic extensions of the base field. We also show how to construct n-fold Pfister forms
that become hyperbolic over the same inseparable quadratic extensions but not all the same
separable quadratic extensions, and n-fold Pfister forms that become hyperbolic over all the
same separable quadratic extensions but not all the same inseparable quadratic extensions.
This shows in particular that the linkage result from [15] does not have a natural analogue
if we consider Pfister forms becoming hyperbolic over all quadratic subfields of a certain
type. We shall also discuss the translation of these results in the case of 2-fold Pfister forms
into results on quaternion algebras.
Finally, we consider Pfister forms over fields with a unique inseparable quadratic ex-
tension. We show that there exist fields with this property such that there are 2-fold Pfister
forms defined on them that become hyperbolic over all the same quadratic subfields, yet
still fail to be isometric. However, we also show that for global fields and fields of Laurent
series over a perfect field in characteristic 2, 2-fold Pfister forms are determined by the
separable quadratic extensions that they become hyperbolic over.
The collaboration between the authors started as a result of the workshop on “Torsors,
Motives and Cohomological Invariants” held at Fields Institute, Toronto in May 2013. We
wish to thank Pasquale Mammone for bringing up the main research question. Thanks also
to Adrian Wadsworth for many useful comments on an earlier version of this article, and
in particular for a simplified argument for Theorem 6.11.
2. Preliminaries on Quadratic forms
Throughout this article, let F be a field of characteristic 2. We denote the multiplicative
group of F by F× and the additive group {x2 + x | x ∈ F} by ℘(F). We recall the basic
definitions and results we use from the theory of quadratic forms over fields. We refer to
[5] as a general reference.
A bilinear form over F is a pair (V, b) where V is a finite dimensional F–vector space
and b is a F–bilinear map b : V × V → F. The radical of (V, b) is the set
rad(V, b) = {x ∈ V | b(x, y) = 0 for all y ∈ V} .
We say that (V, b) is nondegenerate if rad(V, b) = {0} and degenerate otherwise. We say
that (V, b) is symmetric if b(x, y) = b(y, x) for all x, y ∈ V .
Let δ = (V, b) and η = (W, b′) be two symmetric bilinear forms over F. By an isometry
of bilinear forms f : δ → η we mean an isomorphism of F–vector spaces f : V → W
such that b(x, y) = b′( f (x), f (y)) for all x, y ∈ V . If such an isometry exists, we say δ and
η are isometric and we write δ ≃ η. The tensor product of δ and η is defined to be the
pair (V ⊗ W, b′′) where the F–bilinear map b′′ : (V ⊗ W) × (V ⊗ W) → F is given by
b′′(v1 ⊗ w1, v2 ⊗ w2) = b(v1, v2) · b′(w1,w2) for all v1, v2 ∈ V and w1,w2 ∈ W, and we write
δ ⊗ η = (V ⊗ W, b′′).
For a1, . . . , an ∈ F×, let (Fn, b) be the symmetric bilinear form (Fn, b) where
b : Fn × Fn → F, ((x1, . . . , xn), (y1, . . . , yn)) 7→
n∑
i=1
aixiyi.
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We denote the symmetric bilinear form (Fn, b) by 〈a1, . . . , an〉b. For a ∈ F× we denote
〈1, a〉b by 〈〈a〉〉b. For a1, . . . , am ∈ F×, (m > 1), we denote by 〈〈a1, . . . , am〉〉b the symmetric
bilinear form 〈〈a1〉〉b⊗ . . .⊗〈〈am〉〉b. We call any bilinear form isometric to 〈〈a1, . . . , am〉〉b for
some a1, . . . , am ∈ F a bilinear m–fold Pfister form. We consider 〈1〉b as the 0-fold bilinear
Pfister form. For any m-fold bilinear Pfister form δ we may write δ ≃ 〈1〉b ⊥ δ′. If δ is
anisotropic, then δ′ is unique and called the pure part of δ (see [5, p.36]).
By a quadratic form over F we mean a pair (V, q) of a finite dimensional F-vector space
V and a map q : V → F such that q(λx) = λ2q(x) for all x ∈ V and λ ∈ F, and such that
bq : V × V → F, (x, y) 7−→ q(x + y) − q(x) − q(y) is F–bilinear. Then (V, bq) is a symmetric
bilinear form over F, called the polar form of (V, q). If (V, bq) is nondegenerate then we
call (V, q) nonsingular, and singular otherwise. By the radical of (V, q) we mean the set
rad(V, q) = {x ∈ rad(V, bq) | q(x) = 0} .
We say that (V, q) is regular if rad(V, q) = {0}.
Consider a quadratic form ρ = (V, q) over F. We call dimF (V) the dimension of ρ and
denote it by dim(ρ). We say that ρ is isotropic if q(x) = 0 for some x ∈ V \ {0}, and in this
case we call x an isotropic vector of ρ. Otherwise we say that ρ is anisotropic. We say that
ρ represents an element a ∈ F× if there exists an x ∈ V such that q(x) = a. For c ∈ F× let
cρ denote the quadratic form (V, cq), where (cq)(x) = c(q(x)) for all x ∈ V . Let ρ1 = (V, q)
and ρ2 = (W, q′) be quadratic forms over F. By an isometry of quadratic forms ρ1 → ρ2
we mean an isomorphism of F–vector spaces f : V → W such that q(x) = q′( f (x)) for all
x ∈ V . If such an isometry exists, we say ρ1 and ρ2 are isometric and we write ρ1 ≃ ρ2. We
say that ρ1 is similar to ρ2 if there exists c ∈ F× such that ρ1 ≃ cρ2.
For n ∈ N and a1, . . . , an, b, c ∈ F, we denote the quadratic form (Fn, q) where q : Fn →
F is given by (x1, . . . , xn) 7→ ∑ni=1 aix2i by 〈a1, . . . , an〉, and the quadratic form (F2, q′)
where q′ : F2 → F is given by (x, y) 7→ bx2 + xy + cy2 by [b, c].
The following is an elementary result which is well known, but we include a proof for
convenience.
Lemma 2.1. Let ρ and ρ′ be 2-dimensional quadratic forms over F representing 1. If ρ is
similar to ρ′ then ρ ≃ ρ′.
Proof. Note that for all non-zero elements a represented by ρwe have aρ ≃ ρ. If ρ ≃ 〈1, 0〉,
this is obvious, otherwise it follows from [5, (9.9) and (10.3)]. If ρ is similar to ρ′ then
there exists an element a ∈ F× such that ρ ≃ aρ′. As ρ′ represents 1, it follows that ρ
represents a. Therefore we have that ρ ≃ aρ ≃ a2ρ′ ≃ ρ′. 
We say that ρ2 = (W, q′) is dominated by ρ1 = (V, q) if there exists an injective map
t : W −→ V such that q(t(x)) = q′(x) for all x ∈ W. We say that ρ2 is weakly dominated
by ρ1 if ρ2 is dominated by a form similar to ρ1. Note that if ρ1 and ρ2 are of the same
dimension, then ρ2 being dominated by ρ1 is equivalent to ρ1 ≃ ρ2 and similarly, in this
case ρ2 being weakly dominated by ρ1 is equivalent to ρ1 and ρ2 being similar. We say ρ2
is a subform of ρ1 if there exists a quadratic form ρ3 over F such that ρ1 ≃ ρ2 ⊥ ρ3. Note
that a subform of a quadratic form is also dominated by that quadratic form and that if ρ2
is a nonsingular form dominated by ρ1 then ρ2 is also a subform of ρ1 (see [5, (7.10)]).
By [5, (7.31)], for every quadratic form ρ over F, there exist elements a1, b1, . . . , an, bn ∈
F and c1, . . . , cm ∈ F such that
ρ ≃ [a1, b1] ⊥ . . . ⊥ [an, bn] ⊥ 〈c1, . . . , cm〉 .(1)
We say that a quadratic form ρ as in (1) is of type (n,m). In this case, m is the dimension
of the radical of the polar form of ρ, and 2n = dim(ρ) − m. As isometries preserve the
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dimension and the radical of the polar form of a quadratic form, they also preserve the
type. Moreover, as scaling a quadratic form does not change the type, similar quadratic
forms must also have the same type. Note that ρ is nonsingular if and only if m = 0. If
n = 0 we say that ρ is totally singular. The form 〈c1, . . . , cm〉 is uniquely determined up to
isometry by ρ, and we call it the quasilinear part of ρ. Note that ρ is regular if and only if
〈c1, . . . , cm〉 is anisotropic. We use the following isometry, which can be checked directly.
For a, b, c, d ∈ F we have
[a, b] ⊥ [c, d] ≃ [a + c, b] ⊥ [c, b + d].
We call the quadratic form [0, 0] the hyperbolic plane and denote it by H. Let ρ be a
quadratic form over F. Then there exists an anisotropic quadratic form ρ′, and a nonnega-
tive integers n,m such that ρ ≃ ρ′ ⊥ n × H ⊥ m × 〈0〉. In this decomposition, the integers
n,m are uniquely determined and ρ′ is uniquely determined up to isometry (see [11, (2.4)]).
We call ρ′ the anisotropic part of ρ and denote it by ρan. We call the integer n the Witt index
of ρ and denote it by iW (ρ).
Lemma 2.2. Let ρ and ψ be anisotropic quadratic forms over F such that ρ is nonsingular.
Then ψ is dominated by ρ if and only if iW (ρ ⊥ ψ) = dim(ψ).
Proof. See [10, (2.16)]. 
Let ρ be a nonsingular quadratic form over F. Then we say that ρ is hyperbolic if
dim(ρ) = 2iW (ρ), that is, ρ is hyperbolic if ρ ≃ 12 dim(ρ) × H. We say two nonsingular
quadratic forms ρ and ρ′ are Witt equivalent if ρan ≃ ρ′an. This is an equivalence relation
on the set of nonsingular quadratic forms over a field F (see [5, §8.A])
Let ρ be as in (1) and nonsingular. Then the class of a1b1 + . . . + anbn in F/℘(F) is
an invariant of ρ called the Arf invariant (see [5, (13.5)]). We denote this invariant by
∆(ρ). Note that as for all a, b ∈ F and c ∈ F× we have that c[a, b] ≃ [ca, c−1b], similar
nonsingular quadratic forms have the same Arf invariant. Moreover, two Witt equivalent
nonsingular quadratic forms have the same Arf invariant (see [5, (§13)]).
Let δ = (V, b) be a nondegenerate symmetric bilinear form over F and ρ = (W, q) be a
quadratic form over F. There is a natural map b⊗ q : V ⊗F W → F determined by the rule
that (b ⊗ q)(v ⊗ w) = b(v, v) · q(w) for all w ∈ W, v ∈ V , and (V ⊗F W, b ⊗ q) is a quadratic
form over F with polar form b⊗ bq, called the tensor product of δ and ρ and denoted δ⊗ ρ.
For n > 1 an integer, by an n-fold Pfister form over F, we mean the tensor product of a
2-dimensional nonsingular quadratic form over F which represents 1 with an (n − 1)-fold
bilinear Pfister form over F (see [5, §9]). For a ∈ F and b1, . . . , bn−1 ∈ F× (n > 1), we
denote the n-fold Pfister form 〈〈b1, . . . , bn−1〉〉b ⊗ [1, a] by 〈〈b1, . . . , bn−1, a]]. Pfister forms
have the property that they are either anisotropic or hyperbolic (see [5, (9.10)]). Note that
for all n-fold Pfister forms ρ with n > 1 we have ∆(ρ) ∈ ℘(F).
We call a quadratic form ρ a Pfister neighbour if there exist an n-fold Pfister form pi for
some n such that ρ is weakly dominated by pi and dim(ρ) > 2n−1. In this case pi is uniquely
determined by ρ up to isometry and ρ is isotropic if and only if pi is hyperbolic (see [5,
(23.11)]).
3. Quadratic splitting fields of Pfister forms
Let ρ = (V, q) be a quadratic form over F and let K/F be a field extension. Then we
write ρK = (V ⊗F K, qK), where the quadratic map qK : V ⊗F K → K is determined by
qK(v ⊗ k) = k2q(v) for all v ∈ V and k ∈ K. Note that if K/F is a transcendental extension,
then ρ is anisotropic if and only if ρK is isotropic (see [5, (7.15)]).
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Proposition 3.1. Let pi be an anisotropic n-fold Pfister form over F and F(α)/F be a field
extension such that α2 + α = c ∈ F\℘(F). Then the following are equivalent.
(1) piF(α) is hyperbolic.
(2) [1, c] is a subform of pi.
(3) pi ≃ 〈〈b1, . . . , bn−1, c]] for some b1, . . . , bn−1 ∈ F×.
(4) iW (pi ⊥ [1, c]) = 2.
Proof. For (1) implies (2), see [5, (34.11)]. For (2) implies (3), see [1, Chapt. IV, (4.1)].
If (3) holds, then piF(α) is isotropic, and hence hyperbolic, and therefore (1) holds. That (2)
implies (4) is clear. If (4) holds, then [1, c] is a subform of pi by Lemma 2.2, and hence (4)
implies (2). 
Proposition 3.2. Let pi be an anisotropic n-fold Pfister form over F and d ∈ F\F2. If n = 1
then piF(√d) is anisotropic. Otherwise, the following are equivalent.
(1) piF(√d) is hyperbolic.
(2) pi dominates 〈1, d〉.
(3) pi ≃ 〈〈d, b1, . . . , bn−2, a]] for some a ∈ F and b1, . . . , bn−2 ∈ F×.
(4) iW (pi ⊥ 〈1, d〉) = 2.
Proof. For n = 1 see [13, (1.1)]. Otherwise we may assume that n > 1. For (1) implies
(3), by [14, (1.4)] we have that pi ≃ 〈〈d + x2, b1, . . . , bn−2, a′]] for some a′, x ∈ F and
b1, . . . , bn−2 ∈ F×. As 〈〈b1, . . . , bn−2〉〉b represents 1, it follows easily from [5, (15.6)] that
pi ≃ 〈〈d, b1, . . . , bn−2, a]] for some a ∈ F. That (3) implies (2) is obvious. If (2) holds then
piF(√d) is isotropic and hence hyperbolic, and therefore (1) holds. The equivalence of (3)
and (4) follows from Lemma 2.2. 
Proposition 3.1 (respectively, Proposition 3.2) says that an n-Pfister form becomes hy-
perbolic over a separable (resp. inseparable) quadratic extension if and only if it is a mul-
tiple of a corresponding 1-fold Pfister form (resp. 1-fold bilinear Pfister form). In [7],
this idea is generalized, and the ‘linkage’ of two n-fold Pfister forms by m-fold Pfister or
bilinear Pfister forms (m < n) is considered.
4. Function fields of quadratic forms
In this section we collect the various results we need on the behaviour of quadratic
forms over the function fields of quadratic forms. Assume ρ is regular. If dim(ρ) > 3 or
if ρ is anisotropic of dimension 2, then we call the function field of the projective quadric
over F given by ρ the function field of ρ and denote it by F(ρ). In the remaining cases we
set F(ρ) = F. This agrees with the definition in [5, Section 22]. For a regular quadratic
form ρ, the field extension F(ρ)/F is purely transcendental if and only if ρ is isotropic (see
[5, (22.9)]).
The following theorem collects the main major results we will use, the subform Theo-
rem and the 2-power separation Theorem.
Theorem 4.1. Let ϕ and ψ be anisotropic quadratic forms over F.
(a) If ϕF(ψ) is hyperbolic then ψ is weakly dominated by ϕ.
(b) If dim(ϕ) 6 2n < dim(ψ) then ϕF(ψ) is anisotropic.
Proof. See [5, (22.9)] and [10, (1.1)] respectively. 
Proposition 4.2. Let L = F(α) where α2 + α = c for c ∈ F\℘(F) and let K = F(√d)
for d ∈ F\F2. Let pi and pi′ be anisotropic n-fold Pfister forms such that piL and pi′K are
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anisotropic and let ρ = (pi ⊥ [1, c])an and ψ = (pi′ ⊥ 〈1, d〉)an. Then ρF(ψ) and ψF(ρ) are
anisotropic.
Proof. Note first that by Lemmas 3.1 and 3.2 the forms ρ and ψ are of dimension 2n.
Assume the form ρF(ψ) is isotropic. As [1, c]L is hyperbolic and piL is anisotropic, it follows
that ρL ≃ piL. Then as ρF(ψ) is isotropic, it follows that ρL(ψ) ≃ piL(ψ) is hyperbolic.
Suppose ψL is isotropic. Then, as 〈1, d〉L is anisotropic, ψL is regular and hence L(ψ)/L
is a purely transcendental extension, and therefore piL isotropic, a contradiction. Hence ψL
is anisotropic, and it follows from Theorem 4.1, (a) that ψL is weakly dominated by piL. As
ψL and piL are of the same dimension, if ψL is weakly dominated by piL then ψL and piL are
similar. However, as ψL is of type (2n−1−1, 2) and piL is of type (2n−1, 0), this cannot occur.
Hence ρF(ψ) is anisotropic.
Assume now that ψF(ρ) is isotropic. Let b1, . . . , bn−1 ∈ F× and a ∈ F be such that
pi′ ≃ 〈〈b1, . . . , bn−1, a]] and let δ be the pure part of 〈〈b1, . . . , bn−1〉〉b. Then we have that
ψK ≃ (δ ⊗ [1, a] ⊥ 〈1〉)an ⊥ 〈0〉 .
As 〈1, d〉F(ρ) is anisotropic by Theorem 4.1, (b), we have that iW (ψF(ρ)) > 1. Hence
ψF(ρ) ≃ H ⊥ ϕ ⊥ 〈1, d〉F(ρ)
for some nonsingular quadratic form ϕ over L of dimension 2n − 4. Considering these
forms over K(ρ) gives
ψK(ρ) ≃ (H ⊥ ϕ ⊥ 〈1〉)K(ρ) ⊥ 〈0〉 ≃ (δ ⊗ [1, a] ⊥ 〈1〉)K(ρ) ⊥ 〈0〉 .
As (H ⊥ ϕ ⊥ 〈1〉)K(ρ) and (δ ⊗ [1, a] ⊥ 〈1〉)K(ρ) are regular, [11, (2.6)] gives
(H ⊥ ϕ ⊥ 〈1〉)K(ρ) ≃ (δ ⊗ [1, a] ⊥ 〈1〉)K(ρ) .
Note that δ ⊗ [1, a] ⊥ 〈1〉 is a Pfister neighbour of pi′. Hence pi′K(ρ) is hyperbolic.
Suppose ρK is isotropic. Then K(ρ)/K is a purely transcendental extension and therefore
pi′K is isotropic, a contradiction. Hence ρK is anisotropic, and it then follows from Theorem
4.1, (a) that ρK is weakly dominated by pi′K . In particular ∆(ρK) ∈ ℘(K) and hence ∆(ρ) ∈
℘(F) as K/F is an inseparable quadratic extension. However, ∆(ρ) = c mod ℘(F) and
c < ℘(F) by assumption. Hence ψF(ρ) is anisotropic. 
Proposition 4.3. Let L = F(α) where α2 + α = c and K = F(β) where β2 + β = d for
c, d ∈ F\℘(F). Let pi and pi′ be anisotropic n-fold Pfister forms such that piL and pi′K are
anisotropic and let ρ = (pi ⊥ [1, c])an and ψ = (pi′ ⊥ [1, d])an. If ρF(ψ) is isotropic then
L ≃F K.
Proof. By Proposition 3.1 ρ and ψ have dimension 2n. As piL is anisotropic and [1, c]L is
hyperbolic, we have that ρL ≃ piL. Further, as ρF(ψ) is isotropic, we have that ρL(ψ) ≃ piL(ψ)
is hyperbolic. If ψL is isotropic then L(ψ)/L is a transcendental extension and we have
a contradiction with the anisotropy of piL. Hence ψL is anisotropic and it follows from
Theorem 4.1, (a) that ψL is similar to a subform of piL. As they are of the same dimension,
ψL must be similar to piL. In particular ∆(ψL) ∈ ℘(L). It follows that ∆(ψ) = c mod ℘(F),
and hence [1, c] ≃ [1, d]. Then L ≃F K. 
Proposition 4.4. Let L = F(√c) and K = F(√d) where c, d ∈ F\F2. Let pi and pi′ be
anisotropic n-fold Pfister forms such that piL and pi′K are anisotropic and let ρ = (pi ⊥
〈1, c〉)an and ψ = (pi′ ⊥ 〈1, d〉)an. If ρF(ψ) is isotropic then L ≃F K.
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Proof. By Proposition 3.2, ρ and ψ have dimension 2n. Suppose ρF(ψ) is isotropic. Using
similar arguments to those in Proposition 4.2 we have that piL(ψ) is hyperbolic.
Assume that 〈1, d〉 is anisotropic over L. Then ψL is regular. If ψL is isotropic then
L(ψ)/L is a purely transcendental extension and piL(ψ) hyperbolic implies that piL is hyper-
bolic, a contradiction. Hence ψL is anisotropic and it follows from Theorem 4.1, (a) that
ψL is weakly dominated by piL. As ψL and piL are of the same dimension, if ψL is weakly
dominated by piL then ψL and piL are similar. However, as ψL is of type (2n−1 − 1, 2) and piL
is of type (2n−1, 0), this cannot occur. Hence 〈1, d〉 is isotropic over L and therefore similar
to 〈1, c〉. That 〈1, c〉 ≃ 〈1, d〉 follows from Lemma 2.1. Then L ≃F K. 
In the preceding propositions we have considered anisotropic quadratic forms of di-
mension 2n that are the anisotropic part of the difference of an n-fold Pfister form and a
1-fold Pfister form (or a 1-fold quasi-Pfister form in the case of singular forms). These are
examples of characteristic 2 versions of the so-called ‘Twisted Pfister forms’ studied in [9].
5. Total linkage of Pfister forms
Let pi and pi′ be n-fold Pfister forms over F. We say that
• pi is totally (separably or inseparably) linked to pi′ if for every (separable or in-
separable) quadratic field extension K/F such that piK is hyperbolic pi′K is also
hyperbolic,
• pi and pi′ are totally (separably or inseparably) linked if pi is totally (separably or
inseparably) linked to pi′ and vice versa.
We are interested in the following question.
Question 5.1. For which fields F are all totally linked Pfister forms isometric? For which
fields F are totally separably/inseparably linked Pfister forms isometric?
Note first that for 1-fold Pfister forms, these linkage questions are trivial, as it easily fol-
lows from Lemmas 3.1 and 2.1 that every anisotropic 1-fold Pfister form pi is determined up
to isometry by the unique separable quadratic extension that splits pi, and every anisotropic
1-fold Pfister form remains anisotropic after passing to an inseparable quadratic extension.
These questions are also of course also trivial for hyperbolic Pfister forms.
We now show that in general being totally (separably or inseparably) linked is not a
symmetric relation (Corollary 5.4), that being totally inseparably linked is independent of
being totally separably linked (Corollary 5.5), and that two totally linked Pfister forms need
not be isometric (Theorem 5.7).
Let pi be an n-fold Pfister form over F. We consider the following sets:
S (pi) = {K | K/F is a proper separable field extension such that piK is hyperbolic}
I(pi) = {K | K/F is a proper inseparable field extension such that piK is hyperbolic} .
For two field extensions L/F and K/F we denote by L · K the field compositum of L and
K over F, when it exists. In particular, if K = F(ρ) for a non-totally singular anisotropic
quadratic form ρ of dimension at least 3 then the compositum L · K exists and coincides
with L(ρL) by [11, §4.2].
Proposition 5.2. For any integer n > 1, let pi be an anisotropic n-fold Pfister form over F
and K = F(α) where α2 + α = c ∈ F \ ℘(F) such K < S (pi). Let ρ = (pi ⊥ [1, c])an. Then
L = F(ρ) satisfies the following:
(i) For every anisotropic n-fold Pfister form σ over F, σL is anisotropic.
(ii) L · K ∈ S (piL).
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(iii) For all proper quadratic separable extensions K′/F such that K′ < S (pi) and K′ ;F K
we have L · K′ < S (piL).
(iv) For all proper quadratic inseparable extensions K′′/F such that K′′ < I(pi) we have
L · K′′ < I(piL).
Proof. Firstly, note that as piK is anisotropic, ρ is of dimension 2n over F by Proposition
3.1. Further as ∆(ρ) < ℘(F) we have that ρ is not similar to a Pfister form. Hence for
every anisotropic n-fold Pfister form σ over F we have that σL is anisotropic by Theorem
4.1, (a), therefore L has property (i). Secondly note that ρL is clearly isotropic, [1, c]L is
anisotropic by Theorem 4.1, (b) and piL is anisotropic by property (i). Hence we have that
iW((pi ⊥ [1, c])L) = 2 and it follows from Proposition 3.1 that L has property (ii).
Let c′ ∈ F\℘(F) be such that for K′ = F(α) where α2 + α = c′ we have K′ < S (pi) and
K′ ;F K. Let ρ′ = (pi ⊥ [1, c′])an. Then ρ′L is anisotropic by Proposition 4.3, and hence
L · K′ < S (piL) by Proposition 3.1. Hence L has property (iii). Similarly, it follows from
Proposition 4.2 and Proposition 3.1 that L has property (iv). 
Proposition 5.3. For any integer n > 1, let pi be an anisotropic n-fold Pfister form over F
and K = F(√d) where d ∈ F \ F2 such K < I(pi). Let ρ = (pi ⊥ 〈1, d〉)an. Then L = F(ρ)
satisfies the following:
(i) For every anisotropic n-fold Pfister form σ over F, σL is anisotropic.
(ii) L · K ∈ I(piL).
(iii) For all proper quadratic inseparable extensions K′/F such that K′ < I(pi) and K′ ;F
K we have L · K′ < I(piL).
(iv) For all proper quadratic separable extensions K′′/F such that K′′ < S (pi) we have
L · K′′ < S (piL).
Proof. Firstly, as piK is anisotropic, ρ is of dimension 2n over F by Proposition 3.2. Further,
as ρ is singular we have that ρ is not similar to a Pfister form. Hence for every anisotropic
n-fold Pfister form σ over F we have that σL is anisotropic by Theorem 4.1, (a), therefore
L has property (i). It follows from Propositions 3.2, 4.2 and 4.4 that L has properties
(ii) − (iv) using arguments similar to those used in Proposition 5.2 for the corresponding
properties. 
Corollary 5.4. For any integer n > 1, let pi and pi′ be anisotropic n-fold Pfister forms over
F such that pi′ is not totally separably (resp. inseparably) linked to pi. Then there exists a
field extension E/F such that piE is totally separably (resp. inseparably) linked to pi′E but
not vice versa.
Proof. Assume first that pi′ is not totally separably linked to pi. Fix a field extension M/F
such that piM and pi′M are anisotropic and there exists a field K′ = M(α) where α2 + α =
c′ ∈ M \ ℘(M) such that K′ ∈ S (pi′M) and K′ < S (piM). Further assume that there exists a
field K = M(β) where β2 + β = c ∈ M \ ℘(M) such that K ∈ S (piM) and K < S (pi′M). Then
by Proposition 5.2, for the form ρK = (piM ⊥ [1, c])an and the field LK = M(ρK) we have
that piLK and pi′LK are anisotropic and LK · K ∈ S (pi′LK ).
As K′ < S (piM), by Proposition 3.1 the form ϕ = (piM ⊥ [1, c′])an is of dimension 2n. It
also follows from Proposition 3.1 that for all field extensions E/M with c′ < ℘(E) and piE
anisotropic, we have that piE·K′ is hyperbolic if and only if ϕE is isotropic. As K ;M K′ we
have that ϕLK is anisotropic by Proposition 4.3. Hence LK · K′ < S (piLK ).
We now build the field E inductively. Let F = F0 and let F j+1 be the field compositum
of the extensions LK for all K ∈ S (piF j ) such that K < S (pi′F j ) as in the previous paragraph
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with M = F j. Let E =
⋃∞
i=1 Fi. Then by construction piE is totally separably linked to pi′E
but not vice versa.
Assume now that pi′ is not totally inseparably linked to pi. Fix a field extension M/F such
that piM and pi′M are anisotropic and there exists a field K′ = M(
√
d′) where d′ ∈ M \ M2
such that K′ ∈ I(pi′M) and K′ < I(piM). Further assume that there exists a field K = M(
√
d)
where d ∈ M \ M2 such that K ∈ I(piM) and K < I(pi′M). Then by Proposition 5.3, for the
form ρK = (piM ⊥ 〈1, d〉)an over M and the field LK = M(ρK) we have that piLK and pi′LK are
anisotropic and LK · K ∈ I(pi′LK ).
As K′ < I(piM), Proposition 3.2 implies that ψ = (piM ⊥ 〈1, d′〉)an is of dimension 2n.
It also follows from Proposition 3.2 that for all field extensions E/M with d < E2 such
that piE is anisotropic, we have that piE·K′ is hyperbolic if and only if ψE is isotropic. As
K ;M K′ the form ψLK is anisotropic by Proposition 4.4. Therefore LK · K′ < I(piLK ).
The required field can now be constructed inductively similarly to the construction in
the first part of the proof. 
Corollary 5.5. For any integer n > 1, let pi and pi′ be anisotropic n-fold Pfister forms over
F such that pi and pi′ are not totally separably (resp. inseparably) linked. Then there exists
a field extension E/F such that piE and pi′E are anisotropic, totally inseparably (resp. sepa-
rably) linked but not totally separably (resp. inseparably) linked.
Proof. Assume first that pi and pi′ are not totally separably linked. Fix a field extension M/F
such that piM and pi′M are anisotropic and there exists a field K′′ ∈ S (piM) but K′′ < S (pi′M)
and let K′′ = M(α) such that α2+α = c ∈ M\℘(M). Further assume that there exists a field
K ∈ I(piM) but K < I(pi′M) and let K = M(
√
d) for some d ∈ M\M2. Then by Proposition
5.3, for the form ρK = (pi′M ⊥ 〈1, d〉)an and the field LK = M(ρK) we have that piLK and pi′LK
are anisotropic, LK · K ∈ I(pi′LK ) and LK · K′′ < S (pi′M).
Now assume that there exists a field K′ = M(√d′) where d′ ∈ M \ M2 such that
K′ ∈ I(pi′M) and K′ < I(piM). Then by Proposition 5.3, for the form ρ′K′ = (piM ⊥ 〈1, d′〉)an
and the field L′K′ = M(ρ′) we have that piL′K′ and pi′L′K′ are anisotropic and L
′
K′ · K′ ∈ I(piL′K′ ).
As K′′ < S (pi′M), it follows from Lemma 3.1, that ψ = (pi′M ⊥ [1, c])an is of dimension
2n. It also follows from Lemma 3.1 that for all field extensions E/M with d′ < E2 and
pi′E anisotropic, we have that pi
′
E·K′ is hyperbolic if and only if ψE is isotropic. Hence by
Proposition 4.2, ψL′K′ is anisotropic and therefore and L
′
K′ · K′′ < S (pi′L′K′ ).
Consider the field compositum of field extensions LK/M and L′K′/M as above for all
K such that K ∈ I(piM) but not in I(pi′M), and all K′ such that K′ ∈ I(pi′M) but not in
I(piM). Using this type of field compositum, we can inductively construct the required field
extension E/F in a similar manner to the construction in Corollary 5.4. The statement on
non-totally inseparably linked Pfister forms follows in a similar manner using Proposition
5.2. 
Lemma 5.6. Let pi and pi′ be anisotropic n-fold Pfister forms over F such that pi and pi′ are
not isometric. Then there exists a field extension K/F such that:
(i) piK ; pi′K .
(ii) (piK ⊥ pi′K)an is similar to an n-fold Pfister form.
(iii) For all anisotropic quadratic forms ρ such that dim(ρ) 6 2n we have that ρK is
anisotropic. In particular, piK and pi′K are anisotropic.
Proof. Let F0 = F and ρ0 = (pi ⊥ pi′)an. For i > 1, let Fi = Fi−1(ρi−1) and ρi =
((ρi−1)Fi )an ≃ ((pi ⊥ pi′)Fi )an. As both pi and pi′ are nonsingular, it follows that ρi is non-
singular, and in particular, of even dimension for all i. Moreover, as dim(ρi+1) < dim(ρi)
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for all i such that ρi is nontrivial, there exists some m > 0 such that dim(ρm) , 0 and
dim(ρi) = 0 for all i > m. In particular, the form ρm is even dimensional and becomes
hyperbolic over its own function field, and hence is similar to a Pfister form by [5, (23.4)].
As both pi and pi′ represent 1, we have that dim(ρ0) < 2n+1. Therefore by the Arason-
Pfister Hauptsatz [5, (23.7)], we have that 2n 6 dim(ρi) < 2n−1 for all i 6 m. Hence
dim(ρm) = 2n and, again by the Hauptsatz, ρm is similar to an n-fold Pfister form over Fm.
Hence Fm has property (i) and (ii). Moreover, as dim(ρi) > 2n for all i ∈ {0, . . . ,m − 1}, we
have that Fm has property (iii) by Theorem 4.1, (b). 
Theorem 5.7. For any integer n > 1, let pi and pi′ be anisotropic n-fold Pfister forms over
F such that pi and pi′ are not isometric. Then there exists a field extension E/F such that
piE and pi′E are anisotropic, totally separably and inseparably linked but not isometric.
Proof. By Lemma 5.6, we may assume that (pi⊥pi′)an is similar to an n-fold Pfister form ρ
over F. For any field extension K/F we have that piK ≃ pi′K if and only if ρK is hyperbolic.
We may construct a field extension E/F in a similar way to the construction of the fields
in Corollary 5.5 so that piE and pi′E are anisotropic and totally separably and inseparably
linked. Further, by Proposition 5.2, (i) and Proposition 5.3, (i), the Pfister form ρE is
anisotropic, and hence piE ; pi′E . 
In Example 5.9 we give a pair of Pfister forms satisfying the hypotheses of Corollaries
5.4 and 5.5 and Theorem 5.7. That is, Pfister forms that are neither separably nor insep-
arably linked, and hence also not isometric. This shows that examples of Pfister forms
with the linkage properties claimed to exist at the start of the section do indeed exist. In
fact, the Pfister forms in Example 5.9 share no common quadratic extension of the base
field over which they become hyperbolic, which is a much stronger property than needed
to satisfy the hypotheses of Corollaries 5.4 and 5.5 and Theorem 5.7 We use the following
easy lemma.
Lemma 5.8. Let K = F(x), where x is an indeterminate and a ∈ F. Further, let ρ be
a quadratic form over F and δ = 〈a1, . . . , an〉b for some a1, . . . , an ∈ F× be such that
ρ ⊥ 〈a1, . . . , an, 1〉 is anisotropic over F. Then ϕ = ρ ⊥ δ⊗ [1, x] ⊥ [1, a+ x] is anisotropic
over F(x).
Proof. We may set T = x−1 and work over F(T ). Suppose ϕ is isotropic. By multiplying
an isotropic vector of ϕ by an appropriate power of T 2, we can find an element b ∈ F[T ]
represented by ρ and f1, . . . , fn+1, g1, . . . , gn+1 ∈ F[T ] such that b, f1, . . . , fn+1, g1, . . . , gn+1
are not all divisable by T and
b +
n∑
i=1
ai( f 2i + figi + T−1g2i ) + f 2n+1 + fn+1gn+1 + (T−1 + a)g2n+1 = 0 .
Multiplying the above equation by T and reducing modulo T , we obtain
n∑
i=1
ai(gi(0))2 + (gn+1(0))2 = 0.
As 〈a1, . . . , an, 1〉 is anisotropic, we get that g1, . . . , gn+1 are divisible by T . Substituting
gi = Thi for i = 1, . . . , n + 1 in the above equation and reducing modulo T gives
b(0) +
n∑
i=1
ai( fi(0))2 + ( fn+1(0))2 = 0 .
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The anisotropy of ρ ⊥ 〈a1, . . . , an, 1〉 now implies that b, f1, . . . , fn+1 are also divisible by
T , contradicting our hypothesis. Hence ϕ is anisotropic. 
Example 5.9. For n > 1, let K = F(x1, . . . , xn, y1, . . . , yn), where x1, . . . , xn, y1, . . . , yn are
indeterminates . Then pi1 = 〈〈x1, . . . , xn]] and pi2 = 〈〈y1, . . . , yn]] are n-fold Pfister forms
over K that do not become hyperbolic over any common separable or inseparable quadratic
extension of K. In particular, they are not isometric nor totally separably or inseparably
linked.
Proof. Note first that if pi1 and pi2 do not become hyperbolic over any common separa-
ble or inseparable quadratic extension of K, then it is obvious that they are not isometric
nor totally separably or inseparably linked. Using Lemma 5.8 and inducting on the num-
ber of variables n, we see that pii is anisotropic for i = 1, 2. Let δ1 be the pure part of
〈〈x1, . . . , xn−1〉〉b and δ2 be the pure part of 〈〈y1, . . . , yn−1〉〉b and let
ρ = δ1 ⊗ [1, xn] ⊥ δ2 ⊗ [1, yn] ⊥ [1, xn + yn] .
Note that ρ is Witt equivalent to pi1 ⊥ pi2 and anisotropic, again using Lemma 5.8.
Suppose pi1 and pi2 split over a common separable quadratic extension of K. Then it
follows from Proposition 3.1 that there exist w1, . . . ,wn−1, z1, . . . , zn−1 ∈ K× and an element
a ∈ K such that pi1 ≃ 〈〈w1, . . . ,wn−1, a]] and pi2 ≃ 〈〈z1, . . . , zn−1, a]]. Let δ′1 be the pure part
of 〈〈w1, . . . ,wn−1〉〉b and δ′2 be the pure part of 〈〈z1, . . . , zn−1〉〉b. Then
pi1 ⊥ pi2 ≃ δ′1 ⊗ [1, a] ⊥ δ′2 ⊗ [1, a] ⊥ 2 × H
and hence iW (pi1 ⊥ pi2) > 2, contradicting the anisotropy of ρ. Hence pi1 and pi2 do not split
over any common separable quadratic extension of K.
Suppose pi1 and pi2 split over a common inseparable quadratic extension of K. Then it
follows from Proposition 3.2 that there exist u1, . . . , un−1, v1, . . . , vn−1 ∈ K× and an element
d ∈ K× such that pi1 ≃ 〈〈d, u1, . . . , un−1]] and pi2 ≃ 〈〈d, v1, . . . , vn−1]]. Let δ′′1 be the pure
part of 〈〈u1, . . . , un−2〉〉b and δ′′2 be the pure part of 〈〈v1, . . . , vn−2〉〉b. Then
pi1 ⊥ pi2 ≃ 〈〈d〉〉b ⊗ δ′′1 ⊗ [1, un−1] ⊥ 〈〈d〉〉b ⊗ δ′′2 ⊗ [1, vn−1]
⊥ d[1, un−1] ⊥ d[1, vn−1] ⊥ [1, un−1 + vn−1] ⊥ H .
The form d[1, un−1] ⊥ d[1, vn−1] is clearly isotropic and hence iW (pi1 ⊥ pi2) > 2, contradict-
ing the anisotropy of ρ. Hence pi1 and pi2 are not hyperbolic over any common separable
quadratic extension of K. 
Our definitions of a Pfister form totally, separably or inseparably linked to another Pfis-
ter form and of total, separable or inseparable linkage of two Pfister forms can be made in-
dependent of the characteristic of the field. Of course, over fields of characteristic different
from 2 there are no inseparable quadratic extensions, so our notions of inseparable linkage
are trivial in this case. In particular, all notions of total separable linkage are equivalent to
total linkage. It is straightforward to adapt the arguments needed for the proof of Corollary
5.4 and Theorem 5.7 to fields of characteristic different from 2, substituting analogous no-
tions, such as the discriminant for the Art invariant, where necessary. More precisely, one
obtains the following results.
Corollary 5.10. Let K be a field of characteristic different from two. For any integer n > 1,
let pi and pi′ be anisotropic n-fold Pfister forms over K such that pi′ is not totally linked to
pi. Then there exists a field extension E/K such that piE is totally linked to pi′E but not vice
versa.
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Theorem 5.11. Let K be a field of characteristic different from two. For any integer n > 1,
let pi and pi′ be anisotropic n-fold Pfister forms over K such that pi and pi′ are not isometric.
Then there exists a field extension E/K such that piE and pi′E are anisotropic, totally linked
but not isometric.
6. Linkage of Quaternion algebras
6.1. Quaternion algebras and 2-fold Pfister forms. In this section we apply the results
of Section 5 in the case of 2-fold Pfister forms to give examples of quaternion algebras in
characteristic 2 analogous to those constructed in [8, (2.1)]. We refer to [2] as a general
reference on finite-dimensional algebras over fields. By a quaternion F-algebra we mean
a 4-dimensional central simple F-algebra. We say a quaternion F-algebra is division if for
all a, b ∈ Q we have that a · b = 0 if and only if a or b = 0. We also call non-division
quaternion F-algebras split. Let Q and Q′ be a quaternion F-algebras. If Q and Q′ are
isomorphic we write Q ≃ Q′.
For a field extension L/F, we denote the quaternion L-algebra Q ⊗F L by QL. Let K/F
be a proper field extension, that is K , F. We say that a quaternion F-algebra Q contains
K if there exists a subfield of Q that is F-isomorphic to K. In this case K is necessarily
a quadratic extension of F. Moreover Q contains K if and only if QK is split by [2, §14,
Theorems 4 and 5].
Let Q and Q′ be quaternion F-algebras. We say that
• Q is totally (separably or inseparably) linked to Q′ if every (separable or insepa-
rable) quadratic field extension of F contained in Q is also contained in Q′,
• Q and Q′ are totally (separably or inseparably) linked if Q is totally (separably or
inseparably) linked to Q′ and vice versa.
Any non-division quaternion F-algebra is isomorphic to the F-algebra of two-by-two
matrices over F. Hence all such F-algebras are isometric and contain every quadratic field
extension of F. Therefore our linkage properties are only of interest for division algebras.
We let NrdQ : Q → F denote the reduced norm map (see [2, §22, Def. 2] for the defini-
tion). Considering Q as an F-vector space, the pair (Q,NrdQ) is a 4-dimensional quadratic
form over F. In fact, (Q,NrdQ) is a 2-fold Pfister form. This is easy to compute from the
explicit basis for a quaternion algebra given in, for example, [12, p25]. Conversely, every
2-fold Pfister form pi over F can be associated with a quaternion F-algebra Q such that
pi ≃ (Q,NrdQ) via its Clifford algebra (see [5, §11 and §12]).
Proposition 6.1. Let Q1 and Q2 be quaternion F-algebras and let pii = (Qi,NrdQi ) for
i = 1, 2. Then Q1 ≃ Q2. if and only if pi1 ≃ pi2. In particular, Qi is split if and only if pii is
hyperbolic.
Proof. See [5, (12.5)]. 
We immediately get the following.
Corollary 6.2. Let Q1 and Q2 be quaternion F-algebras and let pii = (Qi,NrdQi ) for
i = 1, 2. Then Q1 is totally (separably or inseparably) linked to Q2 if and only if pi1 is
totally (separably or inseparably) linked to pi2. Moreover, Q1 and Q2 are totally (separably
or inseparably) linked if pi1 and pi2 are totally (separably or inseparably) linked.
Hence the results of Section 5 directly give constructions of totally linked division
quaternion F-algebras that are not isomorphic, totally separably linked but not inseparably
linked quaternion division algebras, and so on.
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In [17], it is shown that the construction of totally linked non-isomorphic division
quaternion algebras from [8] can be adapted to give examples of fields of characteristic
different from 2 over which there are infinitely many non-isomorphic totally linked divi-
sion quaternion algebras. It is straightforward to adapt the results in Section 5 with methods
similar to [17] in order to give fields of characteristic 2 over which there are infinitely many
totally linked non-isometric n-fold Pfister forms, and to construct fields over which there
are infinitely many totally separably (resp. inseparably) linked n-fold Pfister forms that are
not inseparably linked (resp. separably linked), and so on. Applying Proposition 6.1 in the
case of 2-fold Pfister forms to these fields gives examples of fields of characteristic 2 with
infinitely many non-isomorphic totally linked division quaternion algebras. In particular,
we get the following result. We leave the details of the proof to the reader.
Proposition 6.3. Let F be a field such that there exist infinitely many non-isomorphic
division quaternion F-algebras. Then there exists a field extension K/F such that there
exist infinitely many totally linked division quaternion K-algebras that are not isomorphic.
For the rest of the section we consider particular fields over which all n-fold Pfister
forms are hyperbolic for n > 2, and hence linkage properties are uninteresting for these
forms. Over these fields, linkage properties are still of interest for 2-fold Pfister forms, and
hence for quaternion algebras. We state our main results in term of 2-fold Pfister forms,
but the translation to results on quaternion algebras is easy using Proposition 6.1.
6.2. Fields with a unique inseparable quadratic extension. We call F, a field of char-
acteristic 2, perfect if F2 = F. As all 2-fold Pfister forms are hyperbolic over perfect fields,
and all quaternion algebras split, questions on linkage are uninteresting over such fields.
In this section we consider fields with [F : F2] = 2, that is, fields with a unique insepa-
rable quadratic extension. Note that [F : F2] 6 2 is equivalent to all 3-dimensional totally
singular quadratic forms being isotropic over F. Over such fields all n-fold Pfister forms
are hyperbolic for n > 2. Moreover, over such fields all 2-fold Pfister forms are clearly to-
tally inseparably linked. However, it is not the case that any totally separably linked Pfister
forms are isometric over all such fields, as we now show.
We need the following lemma, which constructs a field using the compositum of func-
tion fields of totally singular quadratic forms. As regular totally singular forms may not
be regular when extended to the function field of another totally singular form, these con-
structions are more subtle than those in Section 5. As such, we give a detailed proof (in the
spirit of [16, §5]) to avoid any confusion with such a construction.
Lemma 6.4. Let F be a field. Then there exists a field extension K/F with [K : K2] = 2
such that for all non-isometric 2-fold Pfister forms pi and pi′ over F, the forms piK and pi′K
are not isometric.
Proof. First note that if [F : F2] = 1, that is, F is perfect, we may take K = F(x), where x
is an indeterminate, as [K : K2] = 2 and the condition on the Pfister forms is trivial.
Otherwise, let S 0 be the set of all totally singular quadratic forms of dimension 3 over
F. Choose a well-ordering on the set S 0 and index its elements by ordinal numbers. So for
some ordinal α, we have S 0 = {ψi | i < α}. We construct a field F1 by transfinite induction
as follows: let F0 = F and define
• Fk = Fk−1(ψk) if k is not a limit ordinal and ψk is anisotropic over Fk−1,
• Fk = Fk−1 if k is not a limit ordinal and ψk is isotropic over Fk−1,
• Fk =
⋃
j<k F j if k is a limit ordinal.
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We then set F1 = Fα. For all k, if ρ is an anisotropic nonsingular quadratic form over Fk
such that ρFk+1 is hyperbolic then either ρ is hyperbolic or Witt equivalent to an orthogonal
sum of forms similar to 3-fold Pfister forms over Fk by [14, (1.4)]. In particular, for all
2-fold Pfister forms pi and pi′ over Fk the form (pi ⊥ pi′)Fk+1 is hyperbolic if and only if
pi ⊥ pi′ is hyperbolic or Witt equivalent to a sum of 3-fold Pfister forms over Fk. As
dim(pi ⊥ pi′)an66, if pi ⊥ pi′ is Witt equivalent to a sum of 3-fold Pfister form then it is
hyperbolic by the Arason-Pfister Hauptsatz [5, (23.7)]. Hence piFk+1 ≃ pi′Fk+1 if and only if
pi ≃ pi′ over Fk. Hence it follows by transfinite induction that for all non-isometric 2-fold
Pfister forms pi and pi′ over F, the forms piF1 and pi′F1 are non-isometric.
Let S 1 be the set of all totally singular quadratic forms of dimension 3 over F1 and
construct (F1)1 = F2 by the same procedure. Repeating this process, for n > 1, let
Fn = (Fn−1)1 and let K = ⋃∞n=1 Fn. As there are no anisotropic totally singular forms
of dimension 3 over K, we must have the [K : K2] 6 2. If there are no anisotropic 2-fold
Pfister forms over F, then we are done. Otherwise, by the construction, we have that for
all non-isometric 2-fold Pfister forms pi and pi′ over F, the forms piK and pi′K are not isomet-
ric by same argument given above for F1. In particular, for all anisotropic 2-fold Pfister
forms pi over F we have that piK is anisotropic, and hence K is not perfect. Therefore
[K : K2] = 2. 
Theorem 6.5. Let pi and pi′ be 2-fold Pfister forms over F such that pi and pi′ are not
isometric. Then there exists a field extension E/F with [E : E2] = 2 and such that piE and
pi′E are anisotropic and totally separably linked but not isometric.
Proof. As at least one of pi and pi′ is anisotropic, we have that F is not perfect. We may then
construct a field extension K/F as in Corollary 5.5 such that pi and pi′ are totally separably
linked but not isometric. Using Lemma 6.4, we can then find a field extension L/K with
[L : L2] = 2 such that piL ; pi′L. If piL and pi′L are totally separably linked, then we are done.
Otherwise we repeat the above process inductively to construct the required field E. 
We now give two classes of fields of characteristic 2 over which the separable linkage
of two n-fold Pfister forms implies that they are isometric.
6.3. Pfister forms over F((t)) with F perfect. For the rest of this subsection, let F be a
perfect field of characteristic 2. In this subsection, we consider the field of formal Laurent
series over F, denoted F((t)).
Proposition 6.6. For every 2-fold Pfister form pi over K = F((t)) we have that pi ≃ 〈〈t, a]]
for some a ∈ F.
Proof. See [19, Chapt. XIV, §5, Prop. 12] for the result in terms of quaternion algebras. 
Proposition 6.7. Let K = F((t)) and take a, b ∈ F. Then 〈〈t, a]] ≃ 〈〈t, b]] over K if and
only if [1, a] ≃ [1, b] over F.
Proof. If [1, a] ≃ [1, b] then clearly 〈〈t, a]] ≃ 〈〈t, b]]. Assume that 〈〈t, a]] ≃ 〈〈t, b]]. Then
〈〈t, a]] ⊥ 〈〈t, b]] is hyperbolic and it then follows from [5, (19.5)] that [1, a] ⊥ [1, b] is
hyperbolic. Hence [1, a] ≃ [1, b] by Witt cancellation, [5, (8.4)] . 
Theorem 6.8. Let pi and pi′ be anisotropic 2-fold Pfister forms over K = F((t)). If there
exists an element c ∈ F with c < ℘(F) such that for L = K(α), where α2 + α = c, we have
that piL and pi′L are hyperbolic, then pi ≃ pi′.
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Proof. By Proposition 6.6, pi ≃ 〈〈t, a]] and pi′ ≃ 〈〈t, b]] for some a, b ∈ F. Assume that
piL and pi′L are hyperbolic. Then [1, a + c] ⊥ t[1, a] is isotropic by Proposition 3.1. It
then follows from [5, (19.5)] that at least one the quadratic forms [1, a + c] and [1, a] must
be isotropic. We have that [1, a] is anisotropic by the assumption that pi is anisotropic,
hence [1, a + c] is isotropic. It then follows from [5, (13.2)] that a = c + ℘(F). Arguing
similarly, we see that b = c + ℘(F). Hence [1, a] ≃ d[1, b] for some d ∈ F× and therefore
[1, a] ≃ [1, b] by Lemma 2.1. Hence pi ≃ pi′. 
Corollary 6.9. Let pi and pi′ be anisotropic 2-fold Pfister forms over K = F((t)). If pi and
pi′ are totally separably linked, then pi ≃ pi′.
Proof. By Proposition 6.6, for every 2-fold Pfister form pi over K there exists an element
a ∈ F \ ℘(F) such that for L = K(α) where α2 + α = a, we have piL is hyperbolic. The
result then follows from Theorem 6.8. 
Remark 6.10. Note that the argument in Theorem 6.8 requires that the separable extension
linking the two 2-fold Pfister forms pi and pi′ over K = F((t)) to be defined over F. In
general, this condition cannot be weakened to linkage over K. That is, if pi and pi′ share a
separable quadratic extension of K, then they are not necessary isometric in general.
Indeed, if separably linked did imply isometric for any two 2-fold Pfister forms over
K, then by Corollary 6.2, every pair of separably linked quaternion K-algebras would be
isomorphic. By [3, p.258] this implies there would only be one division quaternion K-
algebra up to isomorphism, and hence only one isometry class of anisotropic 2-fold Pfister
forms, and this is not always the case. In fact it easily follows from Propositions 6.6 and
6.7 that there is a one-to-one correspondence between separable quadratic extensions of
a perfect field and isomorphism classes of quaternion algebras over the field of Laurent
series over the same perfect field.
6.4. Pfister forms over global fields. Recall, as stated in the introduction of [8], that
totally linked quaternion algebras are always isomorphic over global fields of arbitrary
characteristic. This result is well-known to experts, but as no proof appears in the literature
as yet, we give a proof in characteristic 2 that shows that totally separably linked 2-fold
Pfister forms over a global field are isometric.
By a global field we mean a finite extension of F2n (t), where t is a variable and F2n is
the field with 2n elements for some n ∈ N. Recall that for any field F with [F : F2] = 2
and a finite field extension L/F we have that [L : L2] = 2. Hence any global field F has a
unique inseparable quadratic extension, and thus all 2-fold Pfister forms over F are totally
inseparably linked.
Theorem 6.11. Let F be a global field of characteristic 2 and let pi and pi′ be anisotropic
2-fold Pfister forms over F that are totally separably linked. Then pi ≃ pi′.
Proof. Suppose pi and pi′ are not isometric. Then, without loss of generality, by the local-
global principle of Albert-Brauer-Hasse-Noether, [18, (8.1.17)] and Proposition 6.1, there
is a prime p of F such that piFp is hyperbolic but pi′Fp is not, where Fp is the completion of
F with respect to the associated discrete valuation vp. Let q1, . . . , qn be all the primes for
which piFqi is anisotropic. By the approximation theorem, [6, (2.4.1)], there exists a ∈ F
with vp(a) = 1 and vqi (a) = −1 for all i ∈ {1 . . . , n}. It follows by Hensel’s Lemma, [6,
(4.1.3)], that a ∈ ℘(Fp), while a < ℘(Fqi) for all i ∈ {1 . . . , n}.
Let L = F(α) where α2+α = a. Then L ·Fp = Fp(α) = Fp, and therefore L is a subfield
of Fp. Consequently, pi′L is not hyperbolic. Conversely, L · Fqi is a quadratic extension
of Fqi , and piL·Fqi is hyperbolic. For all primes r of F other than qi, piFr is hyperbolic.
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Therefore, piL is locally hyperbolic everywhere, and hence hyperbolic by [18, (8.1.17)].
Hence pi and pi′ are not totally separably linked. 
Note that it is easy to adapt the above proof to give the same result for fields of charac-
teristic different from 2.
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